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The axisymmetric problem of the propagation of unsteady waves in an elastic medium bounded by
spherical surfaces with offset centres is considered. The problem of the propagation of waves in
continuous media bounded by surfaces of different coordinate systems has been investigated fairly fully
mainly in the steady-state formulation [1]. Some unsteady problems for a half-space with spherical
inclusions were investigated in [2, 3].

1. FORMULATION OF THE PROBLEM

Suppose a linearly elastic uniform isotropic medium is bounded by two eccentric spherical
surfaces. The radius of the external surface is R, and the radius of the internal sphere is R,.
The distance between the centres of the spheres is (R, > R, +9).

Two spherical systems of coordinates are employed: the origin of the first system (1, 6,, ¥9,)
is at the centre of the internal sphere (cavity), while the origin of the second (r,, 6,, ¥9,) is at
the centre of the external sphere.

Axisymmetrical surface loads

Onn |,,=,,l =p(1,0,), Opq I,l R =q(1,6;) 1.1)

are applied to the surface of the spherical cavity, or the displacements
=U(1,0,), u1|,'= 5 = V(5.8 1.2)

i Iq =R

are given.
There are no stresses on the external sphere

Ounl, g =0 Onsy o, =0 (13)

or the displacements are zero

u2|Q=R2 =0, 1)2|,2= =0 (1.4
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Here u;, v, and o,; are the normal and tangential components of the displacement vector
and the components of the stress tensor in the systems of coordinates (7, 0, 9,), i=1,2.

Taking the axial symmetry into account, the perturbed motion of the elastic medium satisfies
the following wave equations with respect to the scalar component ¢ and the non-zero
component y of the vector potential of the displacements

e 2 %y v
——_-A, X _._._.._-:A,‘;,.,.—__—. 1.5)
att i M at? ! r} sin” 8, (

where A, is the Laplace operator in the corresponding system of coordinates.
The initial conditions are assumed to be homogeneous

o
m’t:(} = %L~0 = W’t:() = "é'g o =0 (16)

The displacements i, and v, and the stresses ©,, are related to the potentials ¢ and y by
well-known relations of the linear theory of elasticity [4].

In (1.1)—(1.6) and henceforth we have used the following dimensionless parameters (the
primes denote dimensional quantities)

l=§:3 ’c“_"itv —Cl ” 8___:_8_
R R ¢ R
= x‘ = G;B u.:-u—‘{-
A+2p’ A+2p’ 7 R
v} ¥ v’ R
=4 ==, e Rz

where R is a certain characteristic linear dimension, ¢, and c, are the velocities of the
extension—compression wave and the shear wave, A and p are the elastic Lamé constants, and ¢
is the time.

2. THE METHOD OF SOLUTION

The initial boundary-value problem (1.1)~(1.6) is solved by the method of incomplete
separation of variables using an integral Laplace’ transformation with respect to time 7 (s is the
transformation parameter and the superscript L corresponds to the transformant).

We will represent the components of the stress-strain state of the medium and the right-
hand sides of the boundary conditions (1.1) and (1.2) in transformation space in the form of
series in Legendre polynomials P,(cos®,) and Gegenbauer polynomials C./2(cos8,) (i=1,2)

L o Len
Cun n=0 || Oy (7:5)
L I3
v; o2 R(ns) %
=—sin®: C72.(cos6;)

Gioiﬂ "‘E' G;‘Bi"(';"s) "

L L

Pl | P p cos9,)

Ut Eo“ Uks) u (0058,
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qln(s)

Vi) Cl21(cos,)

L
3,11, ":—sinel p)

The boundary conditions (1.1)-(1.4) with respect to the coefficients of the expansions then
take the following form
L

Onmunly g, =Pin() Opou| _, =in(®) @1)
o], _p =Un() VL] = Vn‘(s) 22)
Ol ety =0 Clom per, =0 (23)
uk o, =0 vi, ety =0 (2.4)

In Laplace transformation space the potentials of the displacements ¢ and y can be written
in the form

ZOA O M%(rls)P (cos8,)+ ): BL(s) |28 L 125)Fy (0502
) (2.5)

\v" =-8inB6, E‘, C,f“(s)"-z—n—sK“%(rms)C}é,(cosO,)—
n=1 124

—sin@, i D;'(s) ’2m31p+%(rzns)CZ§,(cos62)
p=l n

where K (x) and I,(x) are modified Bessel functions, and Al(s), B;(s), C,(s), and D/(s) are
unknown functions of the parameter s.

Using the addition theorem for the functions I,,,(x) and K,,,(x) [S], taking into account
the expressions for these functions in terms of elementary functlon [4], and also the relation
between the displacements, the stresses and the potential in a spherical system of coordmates
we obtain the following formulae for the coefficients of the series u", vi,, o%, and o?,

nnn non

uh (r,8)= -—r',""zs"'[R,,,(r,s)A,f‘(s)e" +G,;(5S) }'fo EJ)(s)Br(s)+
p:

+n(n+ 1M " Ry (50)Cy (5)erq + N "Gpo(7iN5) i} H::,’(s)D,fm}
p:

(2.6)
v (r,9)= rl""zs"‘[R,,o(r,s)A,f(s)e” +G,o(ns) io E,(,:,)(S)B;'(S) +
p=
Ry (AMS)CE(S)erg + 07 (0 + 1) "Gy (0s) £ Hi,',’<s)D:(s)]
p=1
O (1,) = —n‘""s‘"[Q,, ()45 (5eyy + 1 (75) T ED()BE(s)+
P=0 @7

+1(n+ DN ™" Q,, (AMS)Cy (s)erg + N, 5 (riMs) i, Hp ()Dy (5) }
p=
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Olon(hin8) = -r.-""s'"[Qﬂ(r,s)A:(s)en +9a(19) 3 EQUBL()+
L

N Qs (NS)Cy (S)eyg + Jp3(iMoIn ™ (n+ 1) " z H:,‘,’(s)D,fm]
p=
where
EQ(s)= Cp(9)e; - C 2 (s)eys, HY)(s) =53 (s)eys - 52 (5)eyq
ar=e, ep=e¥, e3=e™, g =M™, =, e =e
The polynomials R,(s) (i=0, 1, 3) and Q,(s) (j=1, 2, 3) used in (2.6) and (2.7) are
connected with the representations of modified Bessel functions and are defined in [4], while

the functions G,.(s), J.(s) (k=1, 2,3)and C{(s), S{(s) (I=1, 2) have the following form

G ()= Ry (=5)€° =Ry (8)e™, J,u(s)=Qu(-s)e’ —Qp(s)e™*
~1? n _1\O
C,(,;’(s) =D 2ggsn+ 1) P}E p(n0p0) (=1) Ry = [(~1)!8s]

oslp-nt © (8s)° (2.8)
+n !
§O(sy= EDP@n+D) RE mpyy Rogl(-1)8ms]
w () 28ms o=§-nl ° (3ns)°

where b (=0, 1) are the Clebsch-Gordan coefficients [5].

The expressions for the coefficients of the series u;,, v;,, oy, and o, are similar to (2.6)
and (2.7) and can be obtained from the latter if we interchange the coefficients A and BL, C*
and Dy, and also replace r, by r, E) and H) by E? and H?, R,(1n,s) by (-1)"G,(r.s)
and G, (nns) by R, (rnns) (=1, m,=m; i=0, 1, 3), Q,(nn,s) by (-1)"J,(rn,s) and J;(nns)
by Q.(mnis) (j=1,2, 3), e, and e,, by (m=1-6). Here the last quantities are defined as
follows:

. = = g~(n-8)s
ey =ey=1 enp=e

by =e P g =R = (RN (29)

Substituting the coefficients (2.6) and (2.7) into the boundary conditio.ns (2.1L)—(2.4),L we
obtain an infinite system of linear algebraic equations in the unknown functions A,(s), B,(s),
CX(s) and DX(s)

MDAv2wzr + NOCuow?zt + TOBwe + TV Bwz?t ~ TOBv?we + TVBv?wz’s +
+TDoz - Tl“s)Duzt2 - '1’1(7)D‘0w2z + T®Dwuzr® = KDowzr
M@Av?wzt + NP Cow?zt + TOBwe - TS Bwz’t - LB wr + T VBwo?z%s +

+TDvz - TS Dozr? - T{"Dow?t + TPDw vz = KPowze

L Byzt - LPBx?yzr + FVAxyt - FPAx yo*t + LDzt - (2.10)
~L{Dxy’zt + FPCxy?z - FYCxy?2t? =0

LOByzt - LPBx?yzt + F{PAxyr ~ F{P Ax?yz?t + L Dryzt -

~LYDxy’z + FPCxy?z - FPCoy’2t® = 0

x=e R y=e R y=eh wo oA ol =g
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where T and F™ are infinite matrices with elements T(s) and F(s), M?, N and L{
are infinite dlagonal matrices with elements MY(s), anl’(s) and L""(s) i=1-8, j=1, 2
k=14); K® are infinite columns with elements KP(s) (=1, 2), and A, B, C and D are
infinite unknown columns with elements A*(s), B*(s), C(s) and Dy (s).

In the case of boundary conditions (2.1) and (2.3) (the axisymmetric surface load is specified
on the inner sphere while the outer sphere is free from stresses), the elements of the matrices
TO, M?, N? and of the columns K® have the form

Ty ()= Oy -ROCDE). T ()= 0y(R9)CS) (=12
T ™) ="y (RIS (S), T () =1 "0pa (RMSISHO(s)

(4+m)( ) Qn ( Rlns)s(m)( )' T(6+m)(s) Qn ( R]ns) (m)(s) (m 12)
n(n+1)m" n(n+1m"
@11)

MO ()= 0, (Rs), NP()=n""n(n+1)Q, (RMs)

MP($)=0,5(Rs), NP (s)=1""Q3(Rns)

KD ()= Rs"pl(s), KD (s)= R s gl (s)

while the elements of the matrices F* and L are given by
FiP(5)= Qu(R9)C (5), ™ () =7"Qua (RyM$)S,.(5)
F&™(9)=n" (n+ )"0 (RMs)Sp ) (5) (m=1,2)
(2.12)

LP ()= (-1)" 0y (-Rys), L (5)=n(n+1)(-n)" Q5 (~RyMs)
LJ($)= (- Q3(~Ryns), LE(s)=LF*V(-5) (jik=12)

If, instead of boundary conditions (2.3), we consider the conditions (2.4), then, we must
replace the following polynomials in relations (2.12): Q, by R,,, Q,, by R,,, and Q,, by R,,. If
we use conditions (2.2) instead of boundary conditions (2.1), then in (2.11) similar
replacements are carried out, and the elements of the columns K, have the form

KD(s)=-RME"UL(s), KP()=-RP5"VE(s) (2.13)

Note that the elements of all these matrices and vectors are rational functions of the
transformation parameter s.

In view of the length of the explicit formulae we will obtain a solution of system (2.10) for
the special case of an acoustic medium,

3. AN ACOUSTIC MEDIUM

Passing to the limit as n—e (x— 1) we obtain from (2.10) an infinite system of linear
algebraic equations in the unknown coefficients AX(s) and BX(s) for an acoustic medium
MAVz + TOB-TPB? - T®B? + TBv?;? = Zuz

LVBz - L'PBx?z+ FOAL? - FPAx*2 =0 G
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Here TY and F® are infinite matrices with elements T,9(s) and FJ(s), M and L“ are
infinite diagonal matrices with elements M, (s) and IP(s) (i=1-4; k=1, 2), and Z is an
infinite column with elements Z,(s). In the case of different boundary conditions in
accordance with (2.11) and (2.12) the elements of these matrices have the following form:

(a) an axisymmetric pressure p,(t, 0,) is applied to the surface of the cavity 7, = R,

Ty =T (R, M () =MD () (Rs):,  Z,(s)= K (s)/ (Rs)?
TE(s)= Ryg(~RSYCI(s), TS ™ (s)= Ry(RICH(s) (m=12)

M, ()= R,o(Rs), Z,(s)=~R*s"2pk (5)
(b) the velocity V (t, 8,) is specified on the surface of the cavity # =R,

T () = T (5) = Ry (- Ris)Ci (5)
T3™(5)=TE ™ (s) = Ry (R$)CP(s) (m=1,2)
M, ()= MP(s)= Ry(Rs), Z,(s)=KP(s)= RV (s)

(c) the velocity is zero on the external sphere , =R,
F(5)= F(s) = Ry(R$)CE(s), L™(8)=LiP(s) (m=1,2)
LP ()= LD (=5)=(=1)" Ryy (- Rps)

The solution of the system of equations (3.1} can be represented in the form of series in

exponents
A SHON I )
= x0T 4
unl ..k,{‘.oﬂl biL) (5) b (s)

where a®(s) and b (s) are infinite unknown vectors with corresponding elements o{7(s) and
b(s) (1=1,2 g=0,1,2,.
Substituting series (3.2) mto (3.1) and equating the coefficients of like powers of the
variables x, v and z we obtain recurrent relations for the coefficients al2(s), b?(s) (I=1,2;
g=0,12,...)

xi,owkwlzwn—l } (32)

a@()=2Z,(5) My(s), aGP(s)=0 (i=0, n=0, in#0)
AT (5)=b4P()=0, BLP(5)=0 (i=0,1; k=0, n=0)

@ (s)=X, (s){b“'«;’io{m s T - n**”‘C‘""maf";‘Qz-m{s)]

§ p=0

bEP(s)= X, (s){ 25"20(s)+mz pzo( ~DI I ()al%8) ey (s)] (i=2, k=0)

b§;¥><s>=x,,(s){b§* n()+ 2 5: DT (e »uzmw(S}}
m=l p=0

(33)

bEP(s) =X, ,,(s)[ b3, (s)+ 2: z - 1)*'*"'e‘""(s)a.‘."'z"z..ﬂm(s)]

(i=2, k=0, n=1
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afy(s)= Z 2 (- l)mc‘(,m)(s)[Y &) :(lki)zm—u(s) k+%m—4,0(3)]

m=1 p=0

o (s)= 3 5 D" Ym0~ bk m-a1 ()]

m=} p-—

aP(s)= 3 Y EUISAO ALy SIORS VMO

m=1 P‘

af?(s) = il 5 (" OO OB nanet (=it )]
m=1 p=

(i=0, k=1, n=1)

Here it is formally assumed that b9, (s)=0 (i=0, n=0). The rational functions X,(s) and
Y,(s) in (3.3) have the following form

X, (5)= Ry (Rys) ! Ry (=Rys),  Y,(s) = M(~s)/ M(s)

Passing to the limit as 11—~ (x—1) in expressions (2.9) for the coefficients of;,l,,(rl, s) and
taking the solution (3.2) into account we obtain the following explicit formula for the coeffici-
ents pi(r, s) of the expansion of the pressure p=-c,, in series in polynomials F,(cos6,)

1 o(rS) ne1] yinymk—
PL(r.8) =1 { L [ae? ()2 + 8@ ()7 v ey +
Rt ika=0 s7”

q°("s) z CO bR ()2 + bGP ()27 L a7+ -

_Gpo(ns) = (34)

= Z C(z)(s)[b(' pJ(S)an +b(2 P)(s)z—n]x: k- l}

Hence, formulae (3.4) together with the recurrent relations (3.3) enable us to obtain a
solution of the problem without using reduction to an infinite system (3.1). For a fixed number
of terms in the series with respect to the angle 6, for the pressure, the coefficients in (3.4) are
the product of rational and exponential functions of the parameter s. Their originals can be
calculated in explicit form using appropriate theorems of the operational calculus.

Note that for an elastic medium the solution of system (2.12) can be represented in a form
similar to (3.2)-(3.4), but the recurrent relations (3.3) have a more complex form.

4. EXAMPLE

As an example of the use of the above algorithm we will present the results of calculations
for an acoustic medium with an internal cavity of radius R, =1, on which a pressure of the form
pi(t, 0,)=pH(T), is given, where H(7) is the unit Heaviside function.

The velocity is zero on the external surface R, =2. The offset of the centres of the sphere
5=0.5.

The continuous curves in Fig. 1 are graphs of the change of the pressure with time in the
medium, obtained taking four terms of the series in the angle 6, into account, at the following
points =12 and 6,=rn (curve 1), =14 and 6,=7 (curve 2), and =15 and 6,=n
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Fig. 1.

(curve 3). The dashed curves correspond to the results obtained by retaining the first three
terms of the series in the angle 0, with parameters corresponding to curve 1. By comparing
these curves it can be seen that the series converge fairly rapidly.
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